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Introduction

Many measures of the impact of mixing have been pro-
posed in the literature, including mixing entropy,' various
dimensions of chaotic flows,>> Bourne micromixing and
reaction models,* and population balance models™® of drop
breakup. In this article, it is not our intent to review all of
these methods in detail, but rather to focus on the accurate
determination of two measures of mixing: the CoV, which is
used directly for the design of static mixers, and indirectly
for determination of the blend time in stirred tanks, and the
maximum striation thickness on a transect, which is of sig-
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nificant interest as a contrasting measure, particularly for
laminar mixing.”

Danckwerts® defined two extreme states of mixedness:
complete and instantaneous mixing on the molecular scale,
and complete segregation. Danckwerts gives a description of
complete segregation, “The incoming fluid is broken up into
discrete fragments or streaks which are small compared to
the tank and uniformly dispersed in it, but in which mole-
cules entering together remain together indefinitely.” This
might be physically realized as drops of one component A,
and a second component B, both suspended in an inert me-
dium in which they are both completely insoluble, and where
no coalescence can occur. In the completely segregated case,
the size of the drops does not matter, but in many real flows
and practical applications the size of the segregated regions
is critically important, and molecules are neither completely
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segregated nor perfectly mixed. Moreover, real times greater
than zero and smaller than infinity are of interest.

Danckwerts’ initial ideas eventually evolved into the defi-
nition of various mixing scales which are now widely used
in the mixing literature. Macromixing is identified with the
scale of the equipment, e.g., the tank diameter, and with the
blend time. Mesomixing occurs at intermediate scales and is
identified primarily with reaction effects due to mixing limi-
tations in the feed plume. Micromixing is identified with the
smallest scales of motion and concentration segregation,
where molecular viscosity and diffusivity dominate. These
definitions have proven difficult to explain to nonexperts,
which suggests that their current formulation is somewhat
less than crystal clear. This difficulty is partly due to the dif-
ferences between mixing in turbulent flows and mixing in
laminar flows. In this article, the two regimes are compared
side-by-side to highlight the differences and similarities in
their behavior.

Turbulent mixing is a complex multiscale process ranging
from macromixing on the scale of the vessel, usually charac-
terized as the blend time, to micromixing on the scale of the
smallest eddies, often characterized using the Kolmogorov
time scale, or the engulfment rate.* Turbulence is three-
dimensional (3-D), random, and time varying, and is normally
characterized using the local mean and rms (standard devia-
tion) of the velocity and concentration. A statistical approach,
is, therefore, a natural fit to the characterization of turbulent
mixing, and point-based statistics collected over time have
been applied to turbulent mixing for many decades.

Laminar mixing is ultimately limited by molecular diffu-
sion. For efficient mixing, the fluids must be manipulated to
increase the interfacial area, and decrease the thickness of
fluid lamellae in order to promote diffusional mixing. Lami-
nar mixing measurements need to be able to resolve the fine
structures of the fluid lamellae. Some spatial statistics and
similarity analyses have been applied to this problem, but
characterization methods that are both practical and powerful
are still a subject of active research.”

The field of spatial statistics'®  includes applications
ranging from population ecology to the study of human pop-
ulations, disease, and racial segregation, to forestry and geo-
statistics. All of these applications have one thing in com-
mon: the underlying data has a complex pattern, and the
local concentration of each species is of interest for under-
standing the problem. Spatial statistics provides a set of
knowledge not previously applied to mixing problems in the
field of chemical engineering. Two principles are of particu-
lar interest. First, mixing is a multidimensional problem
which cannot be completely characterized with a single vari-
able, or dimension. Second, the goal of statistical analysis is
to extract the maximum information from the minimum
amount of data. The penalty to be paid for this efficient use
of data is that the sampling method becomes very important.

From a review of the wide ranging literature on spatial sta-
tistics, three dimensions of segregation emerge as important
to the study of mixing in chemical processes: the scale of
segregation, the intensity of segregation, and the exposure.'!
The scale of segregation is most easily defined for this article
as the striation thickness distribution. The intensity of segre-
gation is directly related to the CoV. The exposure dimension
is related to the ease and rate of reduction in segregation but
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is not of interest for this article. A simple thought experiment
is used to illustrate the importance of distinguishing between
the intensity and scale of segregation. Taking a square that
measures 16 mm X 16 mm, consider two mixing fields: in
the first, there are four squares which measure 8 mm X 8 mm
each, two of them black and two of them white; in the sec-
ond, there are 256 squares each measuring 1 mm X 1 mm,
again, half black and half white. Both fields are arranged in
a checkerboard pattern. We might quickly conclude that the
mixing is better in the second case because the scale of seg-
regation has been reduced by a factor of 8, but calculation of
the CoV will return exactly the same result for both mixing
fields. The intensity of segregation is independent of how the
squares are arranged. Further exploration of this example
shows that the scale of averaging used to calculate the CoV
can also dramatically affect the result."'

In this work, two test cases were used to evaluate two
measures of “well-mixed”: the CoV, which characterizes the
intensity of segregation, and the maximum striation thick-
ness, which characterizes the scale of segregation. The objec-
tives of the investigation are:

1. to explore the data density and sampling protocols
needed to get accurate measures of CoV for two ideal data sets,

2. to explore the data density needed to get an accurate
measure of striation thickness for the same data sets,

3. to compare the CoV and the maximum striation thick-
ness for laminar mixing at a very small scale, and turbulent
mixing at a relatively large scale to better understand the
strengths and weaknesses of each approach.

Before detailing the test cases and the sampling experi-
ments which were performed, the definitions and background
theory for the coefficient of variance and for the three sam-
pling strategies of interest are reviewed.

Definition of the coefficient of variance

Two quantities are widely used in the mixing literature to
evaluate the intensity of segregation: the blend time for
batch-stirred tanks and the decay of the coefficient of variance
(CoV,) in continuous static mixers. Both measures are eval-
uated from concentration measurements at several locations.

The batch-blend time is based on the decay of the normal-
ized concentration variance

1 ¢ (C,—C ?
2 m — Ym0
ay(t) =— T | €))
M ,; C - an,O

where C,,( is the initial concentration at probe m, C,, is the
concentration at time ¢, C is the average concentration for a
homogeneous mixture, and M is the number of measurement
locations. When the initial concentration is zero at all mea-
surement locations, Eq. 1 reduces to

> (C = C)

log(ay,) = log m:lTéz ()

The blend time is defined as the time when (712\4 = 0.0025
and 0%,1 = —2.6, which is a 95% approach to the perfectly
mixed state.'?
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The second measure of intensity of segregation is known
as the CoV, or the coefficient of variance. This criterion is
usually applied to static mixers, particularly for laminar
blending applications. The CoV is the ratio of the standard
deviation of the concentration measurements to the mean
concentration, and it is exactly equal to the square root of
the blend time variance decay criterion

CoV = =0oum 3)

G
C C

In this case, a well mixed threshold corresponding to 95%
of the perfectly mixed state can also be set such that
a3, = 0.0025.

Laminar static mixer data for a well designed mixer typi-
cally follows an exponential decay of the CoV following the
relations'*

1 _ Cv 0.5
CoVy = < = ) @
CoV = CoV,K"/P 5)
CoV
CoV, = — = K"/ 6
Y=oV, ©

where C, is the volume fraction of unmixed additive. CoV/,
is 1.0 for 50% additive and increases to 3 for 10% additive.
Using CoV, collapses the data for static mixers onto a single
line for a range of inlet concentrations.

Both definitions of CoV require the use of multiple con-
centration samples, but minimal guidance is available as to
the required number of samples, or regarding limitations on
the size of the probe. To resolve some of these questions, we
begin by reviewing what is known about sampling require-
ments for spatial statistics.

Sampling methods used for spatial statistics

In order to calculate the intensity of segregation, a concen-
tration data set must be extracted from a three-dimensional
(3-D) mixing field. Two types of concentration data are
available from experiments and/or numerical simulations.
The first is the concentration of a second chemical species,
the second is the concentration of tracer particles which have
been released into the mixing field. Where a full 3-D data
set is not available, a representative plane must be selected,
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Figure 1. lllustration of sampling strategies: (a) rectangular quadrats, (b) point probes, and (c) transect of width Az.
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and where a full plane of data is not available, a representa-
tive transect or traverse or a set of sampling points may be
selected. As the available data becomes sparser, the sampling
method and statistical analysis become more important. The
choice of the sampling strategy will be constrained by the
amount of data available, but it must also be well matched to
the problem statement and definition.

Figure 1 illustrates three classes of sampling strategies
used in spatial statistics: quadrats, probes and transects. The
term quadrat was originally defined as a 1 m X 1 m sample
area for ecological studies.'> Today, the term quadrat refers
to any 2-D sample area. Its size and shape is arbitrary, and is
not necessarily uniform (e.g., census data). Quadrat sampling
covers a full plane of data: in statistical terms it is an area
filling sampling method. Point probes are mathematically
zero dimensional, in the sense that they are centered at a
point in space and occupy no volume. Practically, however,
they must have a finite sampling area or measurement vol-
ume in order to sample a physically and statistically mean-
ingful number of molecules, or tracer particles.® Transects
are 1-D and traverse the measurement volume along a single
line. Again, the line is mathematically of zero thickness, but
a finite width is required to sample a statistically and physi-
cally meaningful number of real particles or molecules. The
purpose of the transect sample differs from the quadrat and
probe samples. Although the mean and variance along the
transect can be calculated to give a measure of the intensity
of segregation, the transect is primarily used to profile con-
centration,'® and to determine a striation thickness distribu-
tion, thus, giving information about the scales of segregation.
Quadrats, probes, and transects can all be used to sample ei-
ther a plane or a volume of data.

In quadrat analysis, the plane of interest is divided into a
number of areas (quadrats), often of the same size and shape.
The number of quadrats, and, thus, their size, depends on the
desired level of spatial resolution. Ideally, the concentration
in a quadrat is uniform and the quadrat size is matched to
the smallest scale of the concentration striations. However,
this is not always possible, either because the smallest scales
are unknown, or because it is not possible to measure con-
centration with such a high-resolution. When the quadrat is
larger than the local scale of segregation, the mean quadrat
concentration depends on the size and shape of the quadrat.
This dilemma, most simply illustrated by the checkerboard
thought experiment, causes a number of difficulties for analy-
sis, and is known as the modifiable areal unit problem
(MAUP) in population studies. It is discussed in some detail
in the literature.'”>° Once the size and shape of the quadrats
has been defined, the mean concentration in each quadrat is
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calculated from the raw data. The CoV is then evaluated
using Eq. 3, where M is now the number of quadrats.

When using probes to get concentration data, a set of
probe locations is selected. As with the quadrat selection,
some attention to the sampling strategy is warranted. If the
underlying data has a regular pattern, the probe locations
must either be randomized, or there must be enough probes
to accurately sample the entire mixing field. When the data
set is complete and the mixing field is either irregular or can
be densely sampled, a regular sampling grid is both useful
and efficient. If the number of probes available is very lim-
ited, however; as is the case for typical blend time measure-
ments, then the probe placement must be based on sound
physical reasoning and an understanding of the process. At
least one of the probes must be located in the last-mixed
region if accurate blend times are to be obtained.'?

Once the probe locations are selected, the probe size must
be identified. Ideally, the probe size should match the small-
est scales of mixing that are to be measured, however; practi-
cal limitations mean that the scale of resolution of the mea-
surement method is usually limited by the actual size of the
probe. If a physical probe is used, the concentration is aver-
aged over the measurement volume and is assumed to be
uniform within the measurement volume. If a CFD simula-
tion is used with scalar transport, the concentration is aver-
aged over the cell volume. If CFD with particle tracking is
used, the resolution of particle motion is limited by the step
size in the particle paths, and the resolution of striations at
any instant in time is limited by the number of particles in
the simulation. When particle concentration is calculated
from discrete particle data, the particle concentration is based
on the number of particles in the probe. The probe size
should be small enough to get local data, but also large
enough to contain a statistically significant number of par-
ticles. As a result, the smallest scale of resolution of the con-
centration probes is limited by the number of particles in the
simulation. To avoid counting tracking particles twice, the
probe areas should not overlap, so the maximum probe size
is limited by the number of points in the sampling grid.

To get the most valuable information about mixing, a tran-
sect should pass through the worst mixed part of the mixing
field, and as much as possible should be oriented to be per-
pendicular to the striations of greatest interest. A transect has
two variable dimensions: the width of the transect Az, and
the striation thickness threshold. In forestry studies, the width
of a foresters’ arms, or a Az = 2 m is used to sample a for-
est. A particle is included in the transect if its z-coordinate
equals the z-coordinate of the transect = Az/2. Aubin et al.’
selected a transect width, Az, equal to the mean particle spac-
ing in the mixing field. The width of the transect, Az, allows
for the capture of a single particle, and transect sampling
then assumes that all particles in the 2-D transect are associ-
ated with the equivalent 1-D line through the mixing field.

The striation thicknesses on the transect are determined
using the function f, which has the following properties

1
0

Ax(neighbours) < Ax:  f(x)

Ax(neighbours) > Ax:  f(x) (9

Striation thicknesses on the transect are calculated directly
from the function f(x): when two consecutive particles in the
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transect are within Ax of each other, they are both in the
same striation. If Ax is too large, the striations will be unre-
alistically large; if it is too small, no striations will be
detected. In a real striation, the particles will be closer to-
gether than the mean particle spacing, so we expect the Ax
value to be smaller than the Az value. If concentration data
are used to determine striation thickness distributions on a
transect, a concentration threshold must be defined to replace
Ax, the threshold distance between tracking particles. No
full-field concentration data is available to test this threshold-
ing requirement in the current work, but some initial thresh-
olding work in the time domain is reported by Hilderman
and Wilson?' and Hilderman et al.**> Note that the statistical
and mathematical analyses of transects through time at a sin-
gle point in space, and transects through space at a single
instant in time are the same.'”

Experimental

The CoV obtained from both probe and quadrat sampling
methods, and the maximum striation thickness measured on a
transect are all affected by the size and shape of the sample.
Probe sampling can be affected by the location, number, and
size of the probes, while quadrat sampling requires attention
to the modifiable areal unit problem, MAUP. Transects
require the user to define the threshold value for particle sep-
aration, and the width of the transect. These requirements are
well documented in other fields of study, as discussed earlier
in the article.

The two objectives of the sampling experiment are to com-
pare quadrat and probe sampling methods in the context of
blend time calculations for two test cases, and to compare
measurements of the scale and intensity of segregation.
Quadrat and probe sampling are compared on the basis of
number of probes or quadrats, size of probes or quadrats, and
the resulting CoV. Transect sampling is explored for different
transect widths and separation thresholds to determine the
effect of spatial resolution on the maximum striation thick-
ness. The results are compared globally to better understand
what each measure reveals about mixing.

Test cases

Two test cases were used to study the effect of sampling
on measurements of mixing. The first test case is the disper-
sion and dissolution of floating particles in a turbulent stirred
tank, shown in Figure 2 and Figure 3. The second test case
is the laminar mixing of massless tracer particles in a stag-
gered herringbone micromixer, shown in Figure 4. These test
cases represent two extremes of scale (tank dia. 7 = 0.2335
m, and the micromixer width w = 200 pm); two extremes of
mixing and dispersion (multiphase turbulent mixing and dis-
solution in the first case; single-phase laminar blending in
the second); and widely varying data densities (7 X 10° par-
ticles vs. 2,480 particles). In both cases, planes of data are
extracted from three-dimensional CFD simulations of mixing.
These simulations provide exceptionally complete data sets
for the evaluation of statistical sampling and data analysis
methods.

The first test case is the dispersion and dissolution of float-
ing particles suspended in a tank stirred by a Rushton
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Figure 2. Particle distribution in the mid-baffle plane of the turbulent stirred tank, T = 0.2335 m, D = T7/3, C = T/3,
N = 990 rpm; Nt = number of impeller revolutions.

turbine. The cylindrical, flat bottomed tank has a dia. T =
0.2335, and is fitted with four standard baffles of width 0./T,
and a six-bladed Rushton turbine impeller of dia. D = T/3.

The impeller is mounted at height of C,,,

= T/3 above the

vessel bottom, and rotates at a speed of N = 990 rpm (fully
turbulent). It was filled with water (p; = 1,000 kg/m3) to a
height of H = T. At the beginning of the simulation, 7 X
10° monodisperse spherical particles with dia. d, = 0.3 mm

«g}“g’
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.
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Figure 3. Magnified view of the particle distribution in a window 7/10 x T/10 big centered at r = T/4, and z (axial

3072

coordinate) = 0.75T.

DOI 10.1002/aic

Published on behalf of the AIChE

December 2008 Vol. 54, No. 12

AIChE Journal



f-...' SN

Figure 4. Geometry of the rectangular micromixer.

Channel height (A = 77 um), and channel width (w = 200 um). Three groove depths are tested (d, = 0.23h, 0.30h, and 0.35h). The three
cross sectional sampling planes at three locations along the laminar micromixer illustrate the particle distribution for a groove depth of

0.23h.

and density p, = 2,150 kg/m® were released in the upper
part of the tank. The particle distribution and dissolution sim-
ulation was performed using a transient large eddy simulation
with the Eulerian-Lagrangian particle tracking approach.
More details about the simulation can be found in the article
by Hartmann et al.>® Figure 2 and Figure 3 show the data set
extracted from the simulation for analysis: particle positions
in a vertical cross-section mid-way between two baffles at
six different times during the simulation. In this case, the
particles dissolve and move randomly in and out of the sam-
pling plane, and as a result the number of particles in the
slice varies between 28,000 and 56,000. Figure 3 illustrates
the spatial resolution of the simulation: in this case a mean
particle separation of 1 mm, or roughly 0.5% of the tank
diameter.

The second test case is laminar mixing in a staggered her-
ringbone micromixer, as shown in Figure 4. The mixer is a
rectangular channel with a width of w = 200 um, height
h = 77 pm, and length L = 0.01 m, with grooves of depth
dy = 0.23h, 0.30 and 0.35h, and width W, = 50 um. A
total of 2,480 uniformly distributed massless particles were
placed on the righthand side of the solved flow field at the
mixer inlet, and were followed using the Lagrangian particle
tracking method. A restitution coefficient of unity is applied
to the microchannel walls. This avoids particle trajectories
being trapped near the walls where the local velocity is close
to zero (less than 2% of particles are stopped between the
inlet and the outlet of the mixer). The details of the simula-
tion procedure are described by Aubin et al.” The objective
of the simulation is to compare the mixing efficiency for
three different groove depths. Vertical planes along the
micromixer were sampled at intervals of 100 um in order to
compare the designs.

Sampling experiments

The first sampling method considered is probes. Figure 5
shows the regular hexagonal grid’ used to set the probe loca-
tions in both the tank and the micromixer. For the stirred
tank case, grids containing 36, 142, 274, 536, 1,093 and
2,209 probe points were tested. The points located in the
shaft and impeller areas were omitted. The probe area A
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was set equal to the area of a circle that would contain
a fixed number of particles, k, in a perfectly homogeneous
distribution

®)

where A is the area of the slice minus the area of the impel-
ler and shaft, and p is the total number of particles in the
slice. Three aspects of the probe sampling were studied here;
namely the effect of the probe location, size, and number. To
investigate the effect of probe location, six sets of three
probes were selected as shown in Figure 6. The probe loca-
tions are summarized in Table 1. To analyze the effect of the
probe size on the resulting CoV, the 536-probe grid was used
with probe sizes of k = 3, 10, 30 and 180 particles. The
effect of the number of probes was studied by calculating the
CoV for all grids with a constant 10-particle-probe size (k =
10). For the micromixer case, only the effects of probe num-
ber (using hexagonal grids of 30, 60, 105, 198 and 640
points), and probe size (k = 3, 5, 10, 20, 50) on the CoV
were evaluated.

The effects of the quadrat sampling parameters on CoV
were studied using the herringbone micromixer test case. At
each cross-sectional plane along the micromixer, the data

Figure 5. Hexagonal grid used for setting probe loca-
tions in the stirred tank and the micromixer.

In the tank dx = dz and in the laminar micromixer dx = dz.
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Figure 6. Location and size of probes and transects at three time steps (Nt = 5, d = 3.59 mm; Nt = 20, d = 4.55 mm;

Nt = 60, d = 4.89 mm, where d is the probe diameter).

The transect is located at z = 27/3. The nine probe positions are given in Table 1. Six sets of three probes are analyzed: the top three, center
three, and bottom three; the left three, middle three, and right three.

was divided into 10, 24, 40 and 640 equal rectangular quad-
rats, and the CoV was calculated. Here, the quadrat size is
inversely proportional to the number of quadrats (since quad-
rats cover the whole region of study). To compare the probe
and quadrat analyses, the CoV was calculated from the grid
containing 640 circular probes (with a maximum probe size
of 2.92 particles per probe) and compared with the CoV cal-
culated from 640 rectangular quadrats.

Transect sampling was used to determine the maximum
striation thickness in both the stirred tank and the micromixer
test cases. The maximum striation thickness on a transect in
the stirred tank was calculated using Eq. 7. The transect was
located at two thirds of the tank height, as shown in Figure 6.
For the base case, the resolution in the axial direction, Az,
was set equal to the mean particle spacing for a perfectly ho-
mogeneous distribution of 39,330 particles

(C))

where A is the area of the tank cross section after substract-
ing the impeller and shaft areas and p is the average number
of particles in the data plane. The effect of transect width,
Az, on the maximum striation thickness was examined by
varying Az = Ax = 0.5 mm, | mm and 2 mm.

Different resolutions in the x-direction, Ax, were used to
isolate the effect of Ax on the striation thickness. The tran-
sect width was fixed at Az = 1 mm for Ax resolutions of
2 mm, 1 mm, 0.75 mm and 0.5 mm. A finer resolution would
require more tracer particles, with the number of particles
required increasing as 1/Ax*. For the staggered herringbone
micromixer, the striation thickness calculation was performed
using a single resolution of Az = Ay = 5 um, which is equal
to the mean particle spacing given in Eq. 9.

Results and Discussion

The case of the turbulent stirred tank with dissolving solid
particles is discussed first, followed by the herringbone
micromixer case. The effect of probe location on the CoV is
illustrated first, using the stirred tank. Both cases are then
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used to explore the effect of probe number and size on the
CoV. The maximum striation thickness on a transect is also
calculated as the mixing evolves, using varying transect reso-
lutions. In the laminar mixing case, probe and quadrat sam-
pling strategies are compared and contrasted with the evolu-
tion of the maximum striation thickness on a transect. The
results shed additional light on the information contained in
the two different measures of mixing.

Turbulent mixing: CoV results

There are no fixed criteria for selecting the number and
location of probes for CoV measurements, and, thus, for the
measurement of blend time, or the decay of intensity of seg-
regation. In order to obtain full spatial resolution of the 3-D
mixing field, a very large number of probes would be
required. When a limited number of probes are available, at
least one probe must be located in the worst-mixed part of
the vessel if the CoV is to detect the final stages of mixing.'?
Figure 7 illustrates the impact of the probe location for the
six different sets of three probes shown in Figure 6, and a
seventh set of three randomly selected probe locations. These
results are compared with the true CoV determined using
4,292 probes evenly spaced throughout the mixing field. For
each set of three probes, the evolution of the CoV is differ-
ent, and none of the sets of three probes tracks the true CoV.
When three probes are used, as recommended in the blend

Table 1. Positions of Probes used to Study the effect of
Probe Location

x/m z/m used in sets
—0.1050 0.2375 up, left
—0.0650 0.2375 up, middle

0.0550 0.2375 up, right
—0.0850 0.0775 center, left
—0.0650 0.0775 center, middle

0.0550 0.0775 center, right
—0.0950 0.0125 down, left
—0.0350 0.0125 down, middle

0.0650 0.0125 down, right

All probes lie in the vertical mid-baffle plane, 6 = 0°.
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Figure 7. CoV for the seven different sets of three 10-
particle probes shown in Figure 6.

The dark solid line for a large number of probes provides a
reference to the true evolution of the CoV in the tank.

time protocol given by Brown et al'” the evolution of the
CoV strongly depends on the location of the probes.

Three probes are clearly not enough to correctly sample a
complex mixing field. The next question to address is, “How
many probes are needed, given an ideal data set?” As the
number of probes increases, the CoV calculated from a full
plane of data will approach the true CoV in the tank. In most
experimental applications, the use of a large number of
probes is impractical, and could change the flow field enough
to endanger the accuracy of the measurement. The optimum
balance between the number of probes and the accuracy of
the CoV measurement is illustrated in Figure 8. For a small
number of probes, the measured evolution of CoV is unreli-
able, but as the number of probes increases to 274 and
beyond, the curves converge onto one curve which is repre-
sentative of the whole population, as highlighted in Figure 8b.

Returning to Figure 8a, note that for Nt > 40, the curves
for 36 probes or more converge. From this, one might con-
clude that for long times, or for a small threshold on the final
CoV, even the curve for three probes may approach the true
value. This is an important finding because if only a very
small number of probes are available, then setting a “well
mixed” criterion to a very small CoV value will ensure that
the required degree of mixing is achieved. Referring back to
the blend time protocol,12 we find a very small equivalent
CoV threshold of 0.0025. This conservative limit ensures that
measured blend times are consistent between experimenters
and provides an accurate measure of “complete mixedness”
which scales up reliably. This is in agreement with both
industrial experience, and a number of blend time articles in
the open literature.>*2°

While the data in this test case is for particle dispersion,
rather than blend time, it is interesting to compare the blend
time (N0os = 5.20/N}/*X(T/D)* = 27 (Eq. 10)**) with these
CoV curves. Note the rapid decay of CoV up to Nt = 10 —
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clearly the volume filling stage in Figure 2 — followed by
the slower decay in CoV during the scale reduction phase.
This suggests that the blend time, or the macromixing time,
is primarily related to the inital dispersion of the tracer
throughout the volume of the vessel, with a conservative
design factor added in to compensate for the small number
of probes. We might then redefine “macromixing” as the
volume filling stage of mixing, “mesomixing” as the scale
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Figure 8. Influence of the number of probes on Col. A
10-particle probe size was used for each
time step, causing the probe size to vary
slightly as the number of particles in the
plane varied over time.

Figure 8a shows all of the data, while Figure 8b focuses on
the data which is independent of the number of probes.
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reduction stage, which in turbulent mixing is closely related
to the inertial convective range of eddies, and “micro-
mixing” as the stage of mixing when the scale of segregation
is reduced to the point where molecular mechanisms, such
as viscous dissipation and molecular diffusivity become
dominant.

While the number of probes determines the total area
sampled, the spatial resolution of the CoV measurement is
determined by the probe size. In selecting the size of the
probe for a fixed data set, two competing requirements must
be satisfied. On the one hand, it is important to have enough
particles in the probe to give a statistically meaningful result.
If the probe contains only one or two particles on average,
the data will be highly variable. On the other hand, if the
probe is too big, it will contain many particles, but the spa-
tial resolution of the measurement will be poor and many
details of the mixing field will be lost. The goal should be to
capture the required scales of mixing using the minimum
number of tracking particles, whereas at the same time main-
taining the statistical significance of the measurement.

Setting the mean number of particles in the probe volume
to 10, under perfectly homogeneous conditions, means that a
deviation from the mean of one particle will cause a 10%
deviation in probe concentration. Using a 3-particle probe
means that the probe size is smaller, and the concentration
data has high-spatial resolution, but the importance of 1 par-
ticle is high, impacting the probe concentration by 33%. This
will increase the measured variance significantly. One parti-
cle in a 100-particle probe only impacts the probe concentra-
tion by 1%, but at the expense of the low-spatial resolution
of the probe.

Figure 9 shows the effect of the number of particles in the
probe on the calculated CoV. As the number of particles
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Figure 9. Influence of the probe size on CoV.

The open symbols correspond to a fixed probe diameter for
all time steps, based on the average number of particles in
the plane. The filled symbols correspond to a probe diame-
ter which was allowed to vary with time, depending on the
number of particles in the plane at that time step. The num-
ber of probes was (M = 536) for all calculations.
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increases, the probe size increases and the calculated CoV
gets smaller. Spatial resolution is lost because the local con-
centration differences (striations or clusters) are averaged
over the increasingly large probe volume. To get local data,
the probe needs to be smaller than the smallest scale of inter-
est, but large enough to contain a statistically meaningful
number of particles. A 10-particle probe size was chosen for
all subsequent calculations for the stirred-tank test case.

Because the particles in this simulation were tracked in
three dimensions, and were allowed to dissolve over time,
the number of particles in the data plane varied slightly. Two
methods were used for setting the probe diameter. The first
approach was to calculate the probe diameter from the aver-
age number of particles in the plane over all time steps. The
result was a fixed probe diameter for all time steps for each
k-particle probe. The second method used calculated the
probe diameter at each time step for each k-particle probe.
This results in a probe diameter that varies slightly over
time. A comparison of the two approaches given in Figure 9
shows that there is no significant effect on the CoV curves.

In future studies, the probe size should first be set equal to
the smallest scale of interest. The number of tracer particles
required in the simulation can then be set to

4k A
P=—>0 (11
which ensures that there will be k-particles in each probe
when the mixing is perfectly homogeneous. This gives a
clear physical meaning to the probe size, and ensures that
the number of particles in the simulation is large enough to
achieve the desired spatial resolution.

The CoV calculations for the stirred tank clearly show the
limitations of using three probes for the measurement of
CoV, particularly during the early stages of mixing when
the mixing patterns are complex. The sensitivity of CoV to the
diameter of the probe, or to the number of particles in the
probe, emphasizes that CoV measures intensity of segrega-
tion, not scale of segregation; and that the probe size must
be defined based on both the mixing field of interest and the
spatial resolution required by the problem. To provide some
direct insight into the scale of segregation, the measurement
of striation thickness along a transect is considered next.

Turbulent mixing: Transect results

Figure 10a—f present the function f{x) used to calculate the
maximum striation thickness on a transect using different
spatial resolutions in the x- and z-directions. All plots were
created for the time step corresponding to 60 impeller revolu-
tions, because at this time the particle distribution is the clos-
est to a homogeneous distribution. The bar thicknesses corre-
spond to the striation thicknesses along the transect. The
plots also include a picture of the particle distribution in
each transect. Note that the transect widths (Az) are not to
scale because in reality, they are so small that nothing would
be visible from the correct scale.

The striation thicknesses determined with resolutions of
Ax = Az = 2 mm, shown in Figure 10a, indicate that there
are very big striations inside the vessel, but visually, the dis-
tribution of particles at this time step is very good, as shown
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Figure 10. Striation thickness in the tank at a resolution of (a) Ax = Az = 2 mm, (b) Ax = Az =1 mm, (c) Ax = Az =
0.5 mm, (d) Ax = 2 mm, Az = 1 mm, (e) Ax = 0.75 mm, Az = 1 mm, and (f) Ax = 0.5 mm, Az = 1 mm.

The function f(x) is plotted for the transect at z = 2T/3 at Nt = 60. To compare the striation function f(x) with the real particle distribu-
tion in the vessel, the particle positions in the transect are shown at the bottom. The width of the transect is not to scale. The black area

at the center of the transect is a part of the shaft.

in Figure 3. The 2 mm resolution, is, therefore, too coarse. A
resolution of Ax = Az = 0.5 mm detects only five very thin
striations, as shown in Figure 10c, but since on average a
transect that is only half as thick as the mean particle spacing
will detect particles only half of the time, this is also a non-
physical result. The resolution of Ax = Az = 1 mm, shown
in Figure 10b, has an exact physical meaning. It corresponds
to the mean interparticle distance in the case of a homogene-
ous distribution, and results in a number of striations with
small thicknesses. This Az is used for further calculations.

The effect of Ax is illustrated by comparing Figure 10b,
d—f. It can be seen that as the resolution in the x-direction
increases, the striation thicknesses decrease. Weighing the
physical meaning of a striation, the Ax resolution should be
smaller than the mean particle spacing to indicate that two
particles are closer together than expected. Comparing the
results for Ax = 1 mm, 0.75 mm, and 0.5 mm (b, e and f)
shows very little change in the f profiles. The maximum
striation thicknesses give a closer view of the differences
between these Ax’s.
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Figure 11 presents the evolution of the maximum striation
thickness. The curves with coarser resolution, in either the z-
or x- directions, return higher values of maximum striation
thicknesses. With the resolution of Ax = Az = 2 mm, the
maximum striation thickness on the transect decreases at the
beginning but starts to increase rapidly as the particles get
spread out more evenly. This is nonphysical and indicates
that the resolution is too coarse. When Az is reduced to
1 mm, the mean particle spacing, the maximum striation thick-
ness follows a more physical evolution, but for Az = Ax =
0.5 mm, the striations essentially disappear after Nt = 10. A
similar evolution is observed when a constant Az = 1 mm is
used, and the x resolution is varied from Ax = 2 mm to
1 mm, 0.75 mm and 0.5 mm. For Ax less than the mean parti-
cle spacing, no significant reduction in the scale of segrega-
tion is detected after 10 or 20 impeller revolutions. From a
visual examination of the particle distributions in Figure 6
and Figure 3, it is clear that this is not true, but the particle
density is quite sparse at the smaller scales of segregation.
Comparing the striation thickness curves with the CoV results
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Figure 11. Maximum striation thickness on the transect
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previous plot with curves resulting from a
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The mean interparticle distance in the tank is 1 mm.

in Figure 8 reveals that the CoV is more sensitive to the later
stages of turbulent mixing than the decay of maximum stria-
tion thickness on a single transect. The post-processing com-
putational requirement for the accurate calculation of CoV is,
however; much higher.
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Figure 12. Maximum striation thickness decay in the
micromixer on a transect of width Az = Ax
= 5 um for a microchannel of 77 ym x 200
um with 2 480 particle tracks, and an inter-
particle distance of approximately 2.5 ym.
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Figure 13. Influence of the number of probes on CoV in
the micromixer for a constant 10-particle
probe size (d = 8.89 ym), d, = 0.23h.

The transect results are most meaningful when the width,
Az, is set equal to the mean particle spacing, and the inter-
particle spacing threshold is set to be equal to or less than
the mean particle spacing. The finest spatial resolution of a
transect can be no finer than the mean particle spacing in the
flow. The maximum striation thickness within these con-
straints is not sensitive to the interparticle spacing threshold,
and the CoV provides more information about the scale
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Figure 14. Influence of the number of particles in the
probe on CoV for a constant number of 105
probes in the micromixer, d; = 0.23h.
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Figure 15. Effect of the probe size on CoV when the
maximum number of probes is used so that
the whole population in the micromixer
cross-section is sampled; d, = 0.23h.

reduction stage of mixing than the direct measure of maxi-
mum striation thickness on a single transect.

Laminar mixing: Transect results

Figure 12 shows the evolution of the maximum striation
thickness along the length of the micromixer. The striation
thickness calculation in the micromixer was performed using
a single resolution of Az = Ax = 5 um which is twice the
mean particle spacing. The larger transect width was needed
to capture enough particles to give good resolution of indi-
vidual striations as observed visually. The maximum striation
thickness decreases exponentially as the fluid passes along
the mixer. This is characteristic of chaotic flows. This is in
contrast with the turbulent case, where the decay in both
CoV and maximum striation thickness is initially quite sharp,
and then levels off. In the laminar micromixer, volume filling
and scale reduction happen simultaneously, and the decay in
the maximum striation thickness is a much smoother curve.

As the groove depth d,, of the mixer increases, the maxi-
mum striation thickness at any position along the mixer
decreases. This is in agreement with the qualitative visualiza-
tions of the spatial distribution of flow followers made by
Aubin.” The ability of the different mixer designs to reduce
striation thickness and improve mixing performance in the
laminar micromixer can be clearly distinguished by tracking
the decay of the maximum striation thickness, even at this
coarse resolution of twice the mean particle spacing. This
result is quite different from the turbulent case.

Laminar mixing: CoV results
The intensity of segregation in the laminar micromixer
was determined at different positions using both the quadrat

AIChE Journal December 2008 Vol. 54, No. 12

Published on behalf of the AIChE

and probe sampling strategies. The spatial positions of the
flow followers on 100 equally spaced cross-sections along
the mixer were available for each geometry.

Figure 13 shows the influence of the number of 10-particle
probes on the CoV for the laminar herringbone micromixer.
When less than 105 probes are used, the CoV curves are
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Figure 16. Comparison of the CoV calculated using 640
probes (a) vs. the CoV calculated using 640
quadrats (b).

The probes have a size equivalent to a circle containing
2.92 particles, while the quadrats contain an average of
3.88 particles. The quadrat calculation gives the true popu-
lation CoV at the smallest statistically meaningful scale of
measurement for this number of tracer particles.
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Figure 17. Influence of the number of quadrats (and quadrat size) on the CoV for varying groove depths (a) 10
quadrats with dimensions 40 um X 40 um, (b) 24 quadrats — 25 yum X 25 um, (c) 40 quadrats — 20 yum X

20 um, and (d) 640 quadrats — 5 um X 5 um.

noisy. The curves for 105 and more probes tend to converge
after 0.6 cm. Although there is an overall decrease in CoV
along the mixer, fluctuations of the CoV are clearly visible.
These fluctuations are periodic and correspond to the perio-
dicity of the staggered herringbone geometry. The magnitude
of these fluctuations decreases along the mixer length.

The effect of the probe size on the CoV is shown in Fig-
ure 14. In this figure, the number of probes is constant and
equal to 105. As for the turbulent stirred tank case, the
smaller probe size and thus the finer scale of resolution
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results in a higher CoV. For small probe sizes, the CoV
curves are noisy and are clearly affected by the relative im-
portance of the local concentration fluctuations, as well as
statistical error. As the probe size increases, the noise is
damped and the curves become smoother. It should be
pointed out that a reduction in noise and the consequent
smoothing of the CoV with increasing probe size was not
observed in the previous turbulent flow example, because the
CoV was determined at only six distinct time steps separated
by relatively large time intervals.
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The combined effect of the probe size and number is
shown in Figure 15. For each probe size, the number of
probes was maximized such that almost all of the area in the
data plane was sampled. Only the small areas between the
non overlapping circles remained unsampled. As the probe
size increases, the CoV decreases because the concentration
fluctuations are averaged over increasingly larger probe
areas. In the previous section on turbulent mixing, it was rec-
ommended that the probe size be set to the smallest scale of
interest, and to have at least 10 particles per probe. Consider-
ing the maximum striation thickness in the micromixer ge-
ometry at the end of the mixer (Figure 12), the probe size
for this case would need to be of the order of 5 um. With
the current simulations, which used 2,480 flow followers,
this probe size would contain less than three particles. In
order to obtain higher spatial resolution and reduced statisti-
cal error, the number of flow followers used in this simula-
tion would have to be increased.

Because it is not possible to sample the entire data plane
with circular probes, the point probe method and the quadrat
sampling method are compared in Figure 16. The spatial re-
solution was fixed to be the smallest possible for the given
data set, i.e., 640 probes or quadrats. The mean number of
particles expected in one circular probe area is 2.92 and 3.88
particles can be expected in one quadrat. As was mentioned
earlier, probes or quadrats with a concentration of three par-
ticles are not enough for sampling if a limited number of
probes are used. However, in this case the whole population
is sampled, and, therefore, the result reflects the true standard
deviation of the data even though the probe size is small.
Smoother plots were obtained when using the quadrat
method than with the probe method because quadrats sample
the entire area occupied by the population, which is greater
than the total area sampled by the circular probes. As a
result, the concentration is averaged over a slightly larger
area when using quadrats and the CoV is less noisy. Never-
theless, there is little difference in the resulting CoV when
using either the quadrat sampling or probe sampling, provid-
ing that the probe diameter is the largest possible without
overlapping of the circular areas. This shows that the shape
of the probes/quadrats does not play an important role if a
large number of sampling probes/quadrats is used and their
size is matched to the smallest scale of mixing.

Figure 17a—d show the effect of quadrat size (and, there-
fore, spatial resolution) on the CoV while comparing the per-
formance of micromixers with different groove depths. Grids
of 10, 24, 40 and 640 quadrats have a quadrat size of 40 um
X 40 um, 25 pm X 25 pm, 20 pm X 20 uym and 5 pm X
5 um, respectively. When the grid of 10 quadrats is used
(Figure 17a), the CoV curves of the different geometries con-
verge to the same value at the end of the mixer. As the num-
ber of quadrats increases and the quadrat size approaches the
smallest scale of striations, two things happen. The CoV
increases, and it is easier to differentiate the mixing perform-
ance obtained with the deeper grooves (0.30%2 and 0.35h)
compared with the groove depth of 0.234. This reinforces the
fact that special attention should be paid to the physical
meaning of the probe size with respect to the desired level of
mixing. The quadrat size of 5 yum X 5 um (640 quadrats)
approaches the scale of the largest striation present at the
end of the micromixer with d,= 0.35h. The CoV curves for
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Figure 18. Effect of probe or quadrat size on the final
CoV for the stirred tank from Figure 9, and
for the laminar micromixer from Figure 15
and Figure 17.

the smallest quadrat size (Figure 17d) show a distinctly better
performance of the 0.30# and 0.35h groove depths, relative
to the mixer with 0.23/ groove depth. However, the differen-
ces between the CoV of the 0.304 and 0.35/4 groove depth
geometries are not as pronounced as those seen in the maxi-
mum striation thickness curves.

Figure 18 shows the effect of probe or quadrat size on the
final CoV value for the stirred tank from Figure 9, and for
the laminar micromixers from Figure 15 and Figure 17. In
order to show all three curves on one plot, the probe or
quadrat size is normalized by the maximum probe/quadrat
size used in each case. This normalization changes the y-
intercept value, but has no effect on the slope of the curves.
In all three cases, the final CoV decreases logarithmically
with an increasing scale of observation.

Figure 18 hints at another important result from the two
test cases. The CoV, or intensity of segregation, is the domi-
nant characteristic of mixing for the stirred tank, changing
by a factor of 5 (from 2.5 to 0.5). In contrast, the CoV drops
by only 30% over the length of the laminar micromixer
(from 1.4 to 1.0). The maximum striation thickness domi-
nates for the laminar micromixer, dropping by a factor of 10
over a smooth progression, whereas for the stirred tank, no
change in maximum striation thickness could be detected af-
ter the initial volume filling stage (Nt < 10). The most useful
data is obtained in each case from the measurement which
changes the most in the later stages of mixing: intensity of
segregation for the turbulent case, and scale of segregation
for the laminar case.

Conclusions

The objectives of this investigation were to explore the
data resolution and sampling protocols needed to get accurate
measures of CoV and striation thickness for two ideal data
sets, one turbulent and one laminar; and then to compare the
CoV and striation thickness results to better understand the
strengths and weaknesses of each approach. The results allow
us to define accurate sampling methods for a variety of appli-
cations in laminar and turbulent mixing.
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For the turbulent tank data, the calculated CoV depends on
the number of probes, the probe size, and the probe place-
ment. The CoV based on 3 or 6 probes is far different from
the CoV obtained from a full field measurement. A small
number of probes should only be used to define the perfectly
homogeneous endpoint, and accurate determination of the
endpoint requires that at least one probe is located in a worst
mixed region. The smaller the number of probes used, the
tighter the tolerance on the endpoint should be to ensure accu-
rate results. To fully sample the mixing field as it evolves, a
minimum of 250 probes were needed for the test data set.

For the laminar micromixer, the CoV also depended on the
number of probes and the probe size. When the true popula-
tion CoV was measured, it accurately tracked oscillations in
CoV over each mixing element, and a steady decay over the
length of the mixer. Note that the purely logarithmic decay
of CoV postulated by Eq. 6 is based on data taken at integer
numbers of static mixing elements. These data necessarily
omits the local oscillations in CoV.

For both cases, the CoV increases as the probe size shrinks
and smaller scales of variation are detected. The absolute
value of the final CoV changed by up to four times as the
probe size was varied. This serves to emphasize the impor-
tance of identifying the smallest scale of interest before be-
ginning experiments or simulations. For a laminar mixing
field, this scale is the largest acceptable striation thickness.
Once this scale is identified, the probe or quadrat size must
match the smallest scale of interest. If discrete particle con-
centrations are being used to determine the CoV, the number
of particles required for the simulation should be set to allow
at least 10 particles to populate each probe area in a perfectly
homogeneous distribution. Again, to track the evolution of
CoV, enough probes must be used to fully sample the mixing
field of interest.

Striation thickness measurements provide an alternate mea-
sure of mixing, as they focus on the scale of segregation
rather than the intensity of segregation. The maximum stria-
tion thickness measured depended on both the transect width
and the particle separation threshold, Ax. Based on the
results, a transect width, Az, equal to the mean particle spac-
ing is recommended, with a particle spacing threshold of
Ax < (mean particle spacing). This means that, on average, a
particle will be detected in the 2-D slice, and only particles
closer together than expected will be assigned to the same
striation. As with the CoV, the number of particle tracks
required for a simulation can be determined directly if the
smallest mixing scales of interest are known.

Two stages of mixing were directly observed in the test
data: volume filling, or macromixing, and reduction in scale,
or mesomixing. In the turbulent case, the volume filling stage
happens quickly, while the scale reduction process is slower.
The tank shows an initial rapid decay in CoV followed by
slower reduction in intensity of segregation. In the static
mixer, the self-similarity, or fractal nature of the mixing field
means that volume filling and scale reduction happen simul-
taneously so the two stages cannot easily be distinguished.
These observations suggest that “macromixing” be redefined
as the volume filling stage of mixing, “mesomixing” as the
scale reduction stage, which in turbulent mixing is closely
related to the inertial convective range of eddies and in lami-
nar mixing is closely related to the striation thickness distri-
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bution, and “micromixing” be defined as the stage of mixing
when the scale of segregation is reduced to a point where
molecular mechanisms such as viscous dissipation and mo-
lecular diffusivity become dominant.

The most useful mixing data was obtained from the mea-
surement which changes the most in the later stages of mix-
ing: intensity of segregation, or CoV, for the turbulent case
and scale of segregation, or maximum striation thickness on
a transect, for the laminar case.
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Notation

A = entire sampling area available, m”
Ay = area of probe containing k particles, m>
C = concentration, mol/L
C = average concentration, mol/L
Ciyy, = impeller off-bottom clearance, m
C, = volume fraction of unmixed additive
CoV = coefficient of variance
CoV, =relative reduction in the coefficient of variance
d = probe diameter, m
d, = microchannel groove depth, um
d,, = particle diameter, m
D = impeller diameter or pipe diameter, m
h = microchannel height, um
H = tank height, m
k =number of particles in probe
K = constant
L =1length, m
m = measurement location number
M = total number of measurement locations
N = impeller rotational speed, rps or rpm
Np = dimensionless power number
p = total number of particles in area A
t=time, s
T = tank diameter, m
w = microchannel width, m
W, = microchannel groove width, um
x, y, z = Cartesian coordinates, m

Greek letters

0 = tangential position in tank (%)

095 = blend time to reach 95% homogeneity, s
p = density, kg/m®
¢ = standard deviation

g%/l = normalized concentration variance
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